
THEORETICAL AND EXPERIMENTAL STUDIES OF THE 

NATURE AND CHARACTERISTICS OF SPACE-RELATED 

PLASMA RESONANCE PHENOMENA 

Semiannua l  R e p o r t  N o .  9 

NASA R e s e a r c h  G r a n t  NGR Q-020-077 

SU-IPR Report  N o .  355 

F e b r u a r y  1970 

lACCESS10N NUMBER) ITHRU) 

I n s t i t u t e  f o r  Plasma R e s e a r c h  

S t a n f o r d  U n i v e r s i t y  

S t a n f o r d ,  C a l i f o r n i a  



STAFF 

NASA R e s e a r c h  G r a n t  NGR 05-020-077 

f o r  t h e  per iod  

1 J u l y  - 31 D e c e m b e r  1969 

SENIOR STAFF 

Prof .  F. W .  C r a w f o r d  ( P a r t - t i m e )  
( P r i n c i p a l  I n v e s t i g a t o r )  

D r .  R .  L .  Bruce ( P a r t - t i m e )  

D r .  K .  B .  D y s t h e  ( P a r t - t i m e )  

D r .  J. R .  Forrest  ( P a r t - t i m e )  

D r .  K .  J.  H a r k e r  ( P a r t - t i m e )  

D r .  H .  J .  H o p m a n  ( P a r t - t i m e )  

D r .  M.  S e i d l  ( P a r t - t i m e )  

PART-TIME RESEARCH ASSISTANTS 

A.  L .  B r i n c a  Y.  Matsuda 

J. J. G a l l o w a y  Y.  M. Peng 

D. I l i c  D. M. Sears  

H. K i m  M.  M. Shoucri  

ii 



FOREWORD 

The s u b j e c t s  of t h i s  r e s e a r c h  g r a n t  a r e  t h e o r e t i c a l  and experimen- 

t a l  s t u d i e s  of t h e  n a t u r e  and c h a r a c t e r i s t i c s  of space - re l a t ed  plasma 

resonance  phenomena. These s t u d i e s  have been proceeding under t h e  

d i r e c t i o n  of P r o f .  F .  W .  Crawford s i n c e  t h e  award of t h e  g r a n t  on 

1 May 1965. 
1 J u l y  1969 t o  30 June  1970. T h i s  i s  t h e  n i n t h  semiannual p rogres s  

r e p o r t  on t h e  work, and a v e r s  t h e  six-month pe r iod  from 1 J u l y  t o  

31 December 1969. 

The c u r r e n t  funding pe r iod  i s  f o r  twelve months, from 
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CONTENTS 

I. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . .  
Page 

1 

- 

. . . . . . . . . . . . .  11. CYCLOTRON HARMONIC WAVE STUDIES. 3 

. . . . . . . . .  A .  Wave Excitation by an Electron Beam. 3 

3 . . . . . . . . . . . . . . . .  (a) Theoretical Work. 

(b) Experimental Work . . . . . . . . . . . . . . . .  11 

. . . . . . . . .  B. Plasma Resonances in the Laboratory. 13 

111. NONLINEAR SCATTERING FROM PLASM COLUMNS . . . . . . . . .  14 

A. Theoretical Work . . . . . . . . . . . . . . . . . . .  14 

B. Experimental. Work. . . . . . . . . . . . . . . . . . .  18 

IV. FUTUREPROGRAM.. . . . . . . . . . . . . . . . . . . . .  20 

REFERENCES.. . . . . . . . . . . . . . . . . . . . . . .  21 

iv 



LIST OF FIGURES 
Page - 

1. VARIATION OF PARTICLE VELOCITY WITH DISTANCE AT FIXED TIME. . .  8 

2 .  TIME-AVERAGED DISTRIBUTION FUNCTION, (F), AT A POSITION 
WHERE I T  ATTAINS I T S  MAXIMUM WIDTH [z = ( p  f 1/2)~~/(v~- Vf), 
p = o , 1 , 2 . . ] .  . . . . . . . . . . . . . . . . . . . . . . . . .  10 

3.  SCHEMATIC OF EXPERImNTAL SETUP FOR STUDY OF BEAM STIMLT- 
LATION OF CHW. . . . . . . . . . . . . . . . . . . . . . . . . .  12 

V 



I .  INTRODUCTION 

The t h e o r e t i c a l  and exper imenta l  work c a r r i e d  out  d u r i n g  t h e  i n i -  

t i a l  s t a g e s  of t h i s  NASA g r a n t  w a s  concerned w i t h  t h e  response  of t h e  

ionosphere  t o  RF p u l s e s .  I ts  g e n e r a l  i n t e n t  w a s  t o  e l u c i d a t e  t h e  mechan- 

i s m s  of plasma pu l se  response  phenomena observed by space-probing veh i -  

c l e s  such  a s  r o c k e t s  and s a t e l l i t e s .  I n t e r e s t  i n  t h i s  a r e a  had been 

s t i m u l a t e d  by r e s u l t s  ob ta ined  from 1963 onwards by t h e  Canadian t o p s i d e  

sounder s a t e l l i t e ,  A l o u e t t e  I, These i n d i c a t e d  t h a t  shock e x c i t a -  

t i o n  of t h e  ionosphere  by a pulsed v a r i a b l e  f requency  s i g n a l ,  from a 

t r a n s m i t t e r  c a r r i e d  by t h e  s a t e l l i t e ,  was followed by prolonged r i n g i n g  

whenever t h e  f requency  co inc ided  w i t h  a harmonic of t h e  l o c a l  e l e c t r o n  

c y c l o t r o n  f requency ,  or wi th  t h e  l o c a l  upper hybrid frequency. 

w a s  soon established’” t h a t  they  could be w e l l  understood i n  t h e  l i g h t  

of w a r m  magnetoplasma theory  and i n  p a r t i c u l a r  i n  terms of t h e  e l e c t r o -  

11 11 1-7 

Although t h e  o r i g i n  of t h e s e  resonances  w a s  puzz l ing  a t  f i r s t ,  i t  

10 ,11  
s t a t i c  modes known a s  c y c l o t r o n  harmonic waves (CHW). 

The i n i t i a l  aims of our  r e s e a r c h  program were t o  s tudy  t h e  d i s -  

p e r s i o n  c h a r a c t e r i s t i c s  of t h e s e  waves, bo th  t h e o r e t i c a l l y  and experimen- 

t a l l y  i n  l a b o r a t o r y  plasmas, and t o  reproduce t h e  A l o u e t t e  r i n g i n g  pheno- 

menon. Th i s  w a s  done  s u c c e s s f u l l y  f o r  p ropaga t ion  pe rpend icu la r  t o  t h e  

magnetic f i e l d .  l3 Since  t h e  agreement between theo ry  and experiment 

was v e r y  good, t h e  p o s s i b i l i t y  a r o s e  of u s i n g  CHW a s  t h e  b a s i s  of p lasma 

d i a g n o s t i c  t echn iques .  Seve ra l  approaches t o  t h i s  problem have been, o r  

a r e  be ing ,  s t u d i e d  under t h i s  g r a n t .  They i n c l u d e  resonance r e c t i f i c a -  

t i o n ,  p u l s e  t r ansmiss ion ,  and impedance measurement. I t  i s  hoped t h a t  

t h i s  work w i l l  po in t  t h e  way t o  f u t u r e  space  plasma experiments i nvo lv ing  

A l o u e t t e  resonances,  and t h a t  t h e  d i a g n o s t i c  techniques  developed may be 

of use i n  t h e  measurement of such q u a n t i t i e s  a s  e l e c t r o n  d e n s i t y  and t e m -  

p e r a t u r e ,  and l o c a l  magnetic f i e l d  s t r e n g t h .  

Plasma wave propagat ion  and resonance phenomena of t h e  types  j u s t  

mentioned do n o t  n e c e s s a r i l y  r e q u i r e  e l e c t r o d e  s t r u c t u r e s  t o  e x c i t e  

them: I f  t h e  p lasma e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  i s  non-Maxwellian, 

e .g . ,  due t o  t h e  p re sence  of a group of f a s t  e l e c t r o n s  i n t e r a c t i n g  wi th  

a background Maxwellian plasma, CHW a m p l i f i c a t i o n  and n o i s e  emission may 

1 



r e s u l t  .I4 W e  have been examining such p o s s i b i l i t i e s ,  both expe r imen ta l ly  

and t h e ~ r e t i c a l l y , ' ~  w i t h  a view t o  de te rmining  whether they  might occur  

i n  space  plasmas where e n e r g e t i c  e l e c t r o n s  a r e  knownto be p r e s e n t .  Two 

examples of such s i t u a t i o n s  a r e  t h e  a u r o r a l  zones and t h e  E a r t h ' s  bow 

shock e 

A s  a complement t o  t h e  work on plasma pu l se  response  phenomena such 

a s  might be  observed by space-probing v e h i c l e s ,  a t t e n t i o n  has  been g iven  

under t h i s  g r a n t  t o  p u l s e  response  phenomena observed by ground-based 

t r a n s m i t t e r / r e c e i v e r  systems, and p a r t  of our program has  d e a l t  w i th  t h e  

e x i s t e n c e  and mechanism of v e r y  long  delayed r a d i o  echoes. T h i s  pheno- 

menon was f i r s t  observed i n  t h e  l a t e  l92O's and e a r l y  1 9 3 0 ' ~ , ~ ~  and mani- 

f e s t e d  i t s e l f  a s  r e c e p t i o n  of Morse s i g n a l s  w i t h  de l ays  of up t o  t e n s  of 

seconds a f t e r  t h e i r  t r ansmiss ion .  An ionosphe r i c  sounding system w a s  run  

w i t h  t h e  o b j e c t  of o b t a i n i n g  evidence f o r  t h e  occurrence  of long  delayed 

echoes (LDE).  

pe r iod ,  and t r a n s f e r r e d  t o  NSF sponsor sh ip .  

Th i s  work w a s  t e rmina ted  a t  t h e  end of l a s t  c o n t r a c t i n g  

A f u r t h e r  p r o j e c t  concerned w i t h  r e sonan t  i n t e r a c t i o n s  observable  

from t h e  ground has  been t aken  up d u r i n g  t h e  r e p o r t i n g  pe r iod .  This  i s  

concerned wi th  n o n l i n e a r  i n t e r a c t i o n  of two s i g n a l s  a t  f r e q u e n c i e s  u) 

t o  g i v e  a r a d i a t e d  s i g n a l  a t  f requency  

t i o n  of such i n t e r a c t i o n s  has  been r e p o r t e d  f o r  meteor t r a i l s  i n  a u r o r a l  

1' 2 
W1 & C U 2 .  Experimental  observa- 

zones17 and from plasma columns i n  t h e  laboratory. ' '  W e  have c a r r i e d  o u t  

some p re l imina ry  t h e o r y  t o  de te rmine  t h e  approximate s t r e n g t h  of t h e  

i n t e r a c t i o n ,  and i n t e n d  t o  c o n t i n u e  w i t h  experiments t o  demonstrate i t .  

D e t a i l e d  comments on t h e  p rogres s  made d u r i n g  t h e  r e p o r t i n g  per iod  

a r e  g iven  i n  S e c t i o n s  I1 and 111, and o u r  f u t u r e  program i s  o u t l i n e d  i n  

S e c t i o n  IV. 
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11. CYCLOTRON HARMONIC WAVE STUDIES 

Our p r e s e n t  work fo l lows  two l i n e s :  first,  t h e  a m p l i f i c a t i o n  of 

CHW by e l e c t r o n  beams, and second t h e i r  e x c i t a t i o n  by s u i t a b l e  an tennas .  

Recent ly ,  most of our emphasis h a s  been on t h e  f i r s t .  I n  t h e  l a s t  s e m i -  

annual  r e p o r t ,  some theo ry  f o r  CHW a m p l i f i c a t i o n  was given” which h a s  

s i n c e  been accepted  f o r  p u b l i c a t i o n .  T h i s  work is  regarded a s  complete 

pending f u r t h e r  exper imenta l  work which may demand f u r t h e r  a n a l y s i s  and 

computation. During t h e  r e p o r t i n g  pe r iod ,  i t  has  been p o s s i b l e  t o  

a c q u i r e  a complete appa ra tus  f o r  beadp lasma  i n t e r a c t i o n  s t u d i e s ,  and 

mod i f i ca t ions  t o  i t  have been proceeding .  Concurrent w i t h  t h e s e ,  some 

theo ry  has  been c a r r i e d  o u t  t o  de te rmine  how l o n g i t u d i n a l  sp read ing  i n  

beam energy occur s  when, f o r  example, a group of almost monoenergetic 

e l e c t r o n s  is i n j e c t e d  i n t o  an  a u r o r a l  zone and i n t e r a c t s  w i t h  t h e  back- 

ground plasma. T h i s  sp read ing  is, of course ,  independent of any t r a n s -  

v e r s e  sp read ing  t h a t  may occur due t o  t r a n s f e r  of t r a n s v e r s e  beam energy 

t o  CHW. I t  is, however, s t r o n g l y  r e l e v a n t  t o  any l a b o r a t o r y  experiment 

i n  which a m p l i f i c a t i o n  of CHW and t h e  plasma f requency  w i l l  be  compe t i t i ve  

u n l e s s  t h e  l o n g i t u d i n a l  beam energy spread  i s  s i g n i f i c a n t .  

( A )  Wave E x c i t a t i o n  by an  E l e c t r o n  Beam 

a )  T h e o r e t i c a l  Work 

I f  t h e  energy t r a n s f e r  from t h e  beam t o  t h e  p l a s m a  i s  s m a l l ,  i t  i s  

pe rmis s ib l e  t o  use a nonad iaba t i c  approach i n  d e s c r i b i n g  t h e  process  of 

beadp lasma  i n t e r a c t i o n .  Under such c i rcumstances ,  t h e  plasma i s  a p a s -  

s i v e  background de termining  t h e  d i s p e r s i o n  of t h e  uns t ab le  wave. The 

beam p a r t i c l e s  i n t e r a c t  w i t h  t h e  wave f i e l d s ,  and i t  may be assumed t h a t  

t h e  l a t t e r  a r e  n o t  a l t e r e d  a p p r e c i a b l y  due t o  t h e  presence o f t h e  beam. 

Thus, weak i n t e r a c t i o n  i m p l i e s  t h a t  t h e  parameters  c h a r a c t e r i z i n g  t h e  

beam p a r t i c l e s  change on ly  very  s lowly  w i t h  r e s p e c t  t o  t h e  wave per iod ,  

or a l t e r n a t i v e l y ,  t h a t  t h e  energy l o s s  from t h e  beam i s  s m a l l  compared 

t o  t h e  i n i t i a l  energy. 

R e s t r i c t i n g  o u r s e l v e s  t o  a one-dimensional t r ea tmen t ,  t h e  i n t e r -  

a c t i o n  i s  f u l l y  desc r ibed  by t h e  equa t ion  of motion of a beam p a r t i c l e  

i n  t h e  e l e c t r i c  f i e l d  of a t r a v e l i n g  wave. 

3 



L e t  t h e  wave b e  

E ( z , t )  = E cos(0t - kz + W) . 0 

We t h e n  have f o r  t h e  equa t ion  of motion, 

d v b ( z , t )  -eE 

d t  m 
- -  - cos(0t  - kz + v) , 

t o  d e s c r i b e  t h e  change i n  p a r t i c l e  v e l o c i t y ,  v b ( z , t ) .  The phase, w, 
g i v e s  t h e  phase of t h e  wave a t  t h e  i n s t a n t ,  and a t  t h e  posi t ion,where t h e  

beam p a r t i c l e  i s  i n j e c t e d  i n t o  t h e  wave. 

t o  be a t  z = 0 and t = 0. F u r t h e r ,  w e  assume t h a t  p a r t i c l e s  a r e  i n -  

j e c t e d  w i t h  a f i x e d  v e l o c i t y ,  v 

For  convenience, w e  assume t h i s  

s o  t h a t  w e  have t h e  i n i t i a l  c o n d i t i o n  0’ 

0 ’  V b ( 0 , O )  = v 

I n  a l a b o r a t o r y  experiment,  t h e  beam emerges from a gun a t  z = 0, 

If a 0‘ t r a v e l s  through t h e  plasma, and r eaches  a boundary a t  z = z 

v e l o c i t y  a n a l y z e r  i s  l o c a t e d  a t  z t h e  q u e s t i o n  a r i ses  of what w i l l  

be measured. I n  t y p i c a l  experimental  s e t u p s  f o r  CHW s t u d i e s ,  t h e  f r e -  

quenc ie s  a r e  i n  t h e  GHz range, so  a v e l o c i t y  ana lyze r  w i l l  n o t  be a b l e  

t o  measure t h e  i n s t a n t a n e o u s  beam v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n ,  

F(z0,v,  t ) .  

wave, 

0 7  

I t  w i l l  g i v e  t h e  average over  t h e  per iod  of t h e  u n s t a b l e  

T 

assuming t h a t  t h e  a n a l y z e r  can fo l low t h e  slower changes i n  

growth o f  t h e  ampli tude of a n  a b s o l u t e l y  u n s t a b l e  wave. If t h e  wave is 

convec t ive ly  u n s t a b l e ,  (F) can  be t i m e  independent .  

(F) due t o  

Even though t h e  beam e l e c t r o n s  a r e  e x t r a c t e d  from a gun, t h i s  does 

n o t  imply t h s t  t h e  beam p a r t i c l e s  a l l  have t h e  same energy .  As p a r t i c l e s  

a r e  i n j e c t e d  i n t o  a n  e x i s t i n g  wave, they  a c q u i r e  p o t e n t i a l  energy a t  en- 

t r y ,  w i t h  a magnitude depending on t h e  phase, v. I n  an  experimental  

4 



s i t u a t i o n ,  i t  

energy.  From 

and t h e  t o t a l  

fo l lows  then  t h a t  p a r t i c l e s  a r e  i n j e c t e d  wi th  v a r i a b l e  

Eq. (l), t h e  wave p o t e n t i a l  a t  t h e  i n j e c t i o n  po in t  i s  

EO 
V ( O , t )  = - k s i n  cp , 

i n j e c t i o n  energy of t h e  beam p a r t i c l e s  i s  

( 5 )  

A very elementary c a l c u l a t i o n  of (F) ,  n e g l e c t i n g  t h e  v a r i a t i o n  i n  

i n j e c t i o n  energy,  Eq. (6), shows t h a t  

 measurement^,^' however, have g iven  a r e c t a n g u l a r  shape f o r  (F ) .  The 

a i m  of t h e  p re sen t  c a l c u l a t i o n s  i s  t o  f i n d  o u t  which of two poss ib l e  

e f f e c t s  t h a t  a r i s e  i n  t h i s  nonad iaba t i c  t r ea tmen t  is t h e  more important  

i n  d i s t o r t i n g  t h e  shape of 

(Eq. ( 2 ) ) ,  or  t h e  spread  i n  i n i t i a l  i n j e c t i o n  energy.  

t h e  d i s t o r t i o n  of 

t i o n  between them makes sense  only  when t h e  p a r t i c l e s  a r e  no t  t rapped i n  

t h e  wave. A l l  t rapped  p a r t i c l e s  move wi th  t h e  same average v e l o c i t y ,  

equal  t o  t h e  wave phase v e l o c i t y ,  v f ( =  a / k ) .  

p o s s i b l e  through t h e  n o n l i n e a r i t y  i n  Eq. ( 2 ) .  

it i s  p o s s i b l e  t o  use  l i n e a r i z e d  equa t ions ,  b u t  r e t a i n i n g  phase-mixing 

by t a k i n g  account of Eq. ( 6 ) .  
average  v e l o c i t y .  

(F):  n o n l i n e a r i t y  i n  the  equat ion  of motion 

I n  both cases ,  

(F) i s  t h e  r e s u l t  of phase-mixing, and t h e  d i s t i n c -  

Phase-mixing i s  thus  only 

For untrapped p a r t i c l e s ,  

Phase-mixing r e s u l t s  from a d i f f e r e n c e  i n  

Div i s ion  i n t o  t rapped and untrapped p a r t i c l e s  i s  made by use of 

Eq. ( 2 ) .  

w r i t t e n ,  a f t e r  apply ing  t h e  i n i t i a l  c o n d i t i o n  of Eq. ( 3 ) ,  a s  

The equa t ion  of motion has  a f i r s t  i n t e g r a l ,  which may be 

2 
[ (v ,  - v b ( z , t ) ]  - ( v o  - v ~ ) ~  = 2$(v 0 - v f ) [ s i n ( W  - kz I- w)- s i n  cp] , 

(7) 

5 



where A c o n d i t i o n  f o r  beadp lasma  i n t e r a c t i o n  i s  

t h a t  v > v f ,  and hence j 2 0. The t r a p p i n g  l i m i t  i s  found from t h e  

c o n d i t i o n  t h a t  t h e  i n f l e c t i o n  p o i n t ,  where t h e  p a r t i c l e  v e l o c i t y  i n  t h e  

wave frame changes s i g n ,  so t h a t  l i e s  on t h e  t o p  of t h e  

p o t e n t i a l  h i l l .  

6 = eE /mk(v - v f ) .  0 0 

0 

v ( z , t )  = v b f ’  
For t h i s  c o n d i t i o n ,  Eq. ( 7 )  g i v e s  

v - v  
s i n  cp = O f - l  ~ 

C 2; 

Trapping  occur s  f o r  

provided t h a t  cp e x i s t s ,  or t h a t  (vo- v f )  < 4;. Both Eqs. ( 7 )  and 

(8)  a r e  exact. 
C 

I n  t h e  fo l lowing ,  w e  w i l l  r es t r ic t  o u r s e l v e s  t o  untrapped p a r t i c l e s  

and work out  t h e  p a r t i c l e  v e l o c i t y .  

bu t  i n t e g r a t i n g  a second t i m e  r e s u l t s  i n  a n  e l l i p t i c  i n t e g r a l .  Com- 

p u t e r  s o l u t i o n s  f o r  t h i s  have been published,20 bu t  d i d  n o t  d i s t i n g u i s h  

between t h e  causes  of phase-mixing mentioned above. 

Equation ( 7 )  g ives  v ( z , t )  d i r e c t l y ,  
b 

L i n e a r i z i n g  Eq. ( 7 )  g i v e s  

v b ( z , t )  = v 0 + j [ s i n ( U t  - kz + cp) - s i n  c p ]  , (10) 

v a l i d  when 

pect to  t i m e ,  w e  o b t a i n  t h e  f o l l o w i n g  i n t e g r a l  and i t s  s o l u t i o n  

vo- vf >> Ivb- v o 1  = 6.  On i n t e g r a t i n g  Eq. (10) wi th  r e s -  

d 0 Ut-kz 

t =  
S U  - kvo + k6 s i n  - k; s i n ( $  -t- c p )  0 

U t  - kz U t  - kz 
tan[? [1 - ( s in  cp + tan( O) cos  y)J] = t an(  O) , 

(11) 

2 ~2 ‘ - k v  , b = U - k v  + k G s i n c p  , a = b  2 
0 

where t h e  c o n s t a n t s  a ,  b a r e  f u n c t i o n s  of t h e  i n i t i a l  phase, cp, only .  

Equat ion  (11) g i v e s  t h e  t ime needed by a beam p a r t i c l e  t o  t r a v e r s e  t h e  

6 



plasma, or t o  cover a d i s t a n c e  z a s  f u n c t i o n  of t h e  phase, CD. I n  

t h i s  d e r i v a t i o n ,  t h e  equa t ion  of motion was l i n e a r i z e d .  
0’ 

Due t o  t h e  term s i n  cp i n  Eq. ( l o ) ,  p a r t i c l e s  have d i f f e r e n t  

ave rage  v e l o c i t i e s .  T h i s  i s  caused by t h e  spread  i n  i n i t i a l  energy, and 

i s ,  t h e r e f o r e ,  t h e  e f f e c t  of phase-mixing on t h e  d i s t r i b u t i o n  f u n c t i o n .  

The p l o t  of phase t r a j e c t o r i e s  shown i n  F i g .  1 i l l u s t r a t e s  t h i s  p o i n t .  

The t r a j e c t o r i e s  a r e  g iven  by Eq. ( l o ) ,  c o n s i d e r i n g  on ly  t h e  s p a t i a l  

dependence. A t  z = 0 a l l  p a r t i c l e s  s t a r t  w i t h  t h e  same v e l o c i t y ,  

For cp = ~ / 2 ,  t h e  p a r t i c l e  h a s  t h e  minimum i n i t i a l  energy. For cp = 3~r/2, 
i t  has  t h e  maximum i n i t i a l  energy .  When p a r t i c l e s  s t a r t  a t  t h e  same t i m e ,  

t = 0 a t  z = 0, b u t  w i t h  d i f f e r e n t  phases,  they  have reached d i f f e r e n t  

p o s i t i o n s  ( i n d i c a t e d  by d o t s )  a t  t h e  t i m e  f o r  which F i g .  1 i s  drawn, 

v e r s e l y ,  p a r t i c l e s  w i t h  = ~ r / 2  need a longe r  time t o  reach  p o i n t  z 

and a r r i v e  wi th  a d i f f e r e n t  v e l o c i t y ,  a l though t h e y  s t a r t e d  wi th  t h e  same 

v e l o c i t y ,  v 

Knowing 

vO * 

Con- 

0’ 

0‘ 
t ( z )  (Eq. (11)) and v b ( z , t ( z ) )  (Eq. ( l o ) ) ,  we can o b t a i n  

t h e  d i s t r i b u t i o n  f u n c t i o n .  The p a r t i c l e s  l e a v e  t h e  gun w i t h  a f i x e d  

v e l o c i t y .  So t h e  d i s t r i b u t i o n  f u n c t i o n  t h e r e  i s  j u s t  a 6 - func t ion ,  

F(O,v,O) = n 6(v - vo) .  A t  t h e  c o l l e c t o r  s i d e ,  t h e  d i s t r i b u t i o n  w i l l  be 
0 

w i t h  t h e  d e n s i t y  determined by t h e  c o n t i n u i t y  equa t ion  

an a - + - ( n v ) = o  . a t  aZ b 

L i n e a r i z i n g  Eq e ( l 3 ) ,  w e  o b t a i n  

n ( z , t >  = no[l + ” s i n ( U t  - kz + c p ) ]  . (14) 
0 - kv 

Equat ions  ( l o ) ,  (11) and (14)  provide  a l l  necessa ry  in fo rma t ion  t o  com- 

pute  t h e  d i s t r i b u t i o n  f u n c t i o n  F ( z 0 , v , t )  a t  any a r b i t r a r y  p o s i t i o n  z 0’  
The time-averaged d i s t r i b u t i o n  i s  ob ta ined  by averaging  F ( E q .  (12 ) )  over 

t h e  i n i t i a l  phase. With i n j e c t i o n  of a smooth beam, phase and t i m e  i n  

t h e  frame of a n  obse rve r  watching t h e  beam a r e  i d e n t i c a l  a t  z = 0, and 

7 
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can  be in t e rchanged .  A t  a n  a r b i t r a r y  p o s i t i o n ,  z = z we have t o  t ake  

c a r e  t o  extend t h e  i n t e g r a t i o n  over  a l a r g e  enough number of phase p e r i -  

ods:  slow p a r t i c l e s  from one per iod  may be over taken  by f a s t  p a r t i c l e s  

from a l a t e r  pe r iod .  For t h e  averaged d i s t r i b u t i o n ,  we have 

0' 

Equat ion  (15) c o n s t i t u t e s  an  a n a l y t i c  expres s ion  f o r  t h e  beam d i s t r i b u -  

t i o n  f u n c t i o n  a t  any p o i n t ,  z 

e q u a t i o n s  of motion and of c o n t i n u i t y ,  t o g e t h e r  w i t h  t h e  i n i t i a l  condi- 

t i o n ,  

i c a l  methods, u n l e s s  approximations a r e  made. 

I t  w a s  ob ta ined  by us ing  t h e  l i n e a r i z e d  0' 

E v a l u a t i o n  of (F) i s  p o s s i b l e ,  however, on ly  by numer- 
Vb = vO '  

Suppose (vo- V t )  >>$. Then Eq. (11) becomes simply 

which amounts t o  n e g l e c t i n g  t h e  i n i t i a l  v a r i a t i o n  i n  energy of t h e  beam 

p a r t i c l e s .  Using Eq. (16) i n  a l l  subsequent expres s ions ,  w e  o b t a i n  

f o r  Iv - voI 5 2G s i n  a , 

= o  f o r  Iv - voI > 2; s i n  CL , (17) 

where Q = (kz /2) (  1 - vf/vo) . The asymmetry i n  (F) i s  due t o  t h e  de- 

pendence of n on v b ( z , t ) .  The asymmetry has been g r e a t l y  exaggerated 

i n  F i g .  2 .  

9 
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A s  a check on t h e  c o r r e c t n e s s  of Eq. ( l 7 ) ,  it is  e a s i l y  shown t h a t  

I t  i s  a l s o  worthwhile t o  no te  t h a t  Eq. (17) ho lds  e x a c t l y  when 

c a l c u l a t e d  i n  t h e  wave frame, u s ing  t h e  f u l l  non l inea r  equa t ion  of motion. 

When t h e  c o n d i t i o n  v - v >> j i s  r e l a x e d ,  c a l c u l a t i o n s  become 

(F) i s  

0 f 
ve ry  compl ica ted .  Concen t r a t ing  on p a r t i c l e s  w i t h  i n i t i a l  phase 0 or 

TC, i t  i s  p o s s i b l e ,  however, t o  show t h a t  t h e  minimum i n  (F),  near  

tends  t o  f i l l  up. T h i s  f l a t t e n i n g  of t h e  d i s t r i b u t i o n  f u n c t i o n ,  0’ v = v  

measured expe r imen ta l ly ,  becomes impor tan t  f o r  a d i s t a n c e  

( b )  Experimental  Work 

The appara tus  t o  be  used i n  our exper imenta l  s t u d i e s  of beam- 

s t i m u l a t e d  CHW w a s  t aken  over  from a p r o j e c t  t e rmina ted  under ano the r  

c o n t r a c t .  I t  i s  desc r ibed  i n  d e t a i l  i n  Ref.  21, and i s  shown schematic- 

a l l y  i n  F i g .  3. A few modi f i ca t ions  have been made t o  i t  d u r i n g  t h e  re- 

p o r t i n g  pe r iod ,  t o  b r i n g  i t  t o  a form s u i t a b l e  f o r  t h e  experiments en- 

v i saged .  The p r i n c i p a l  changes a r e  a s  fo l lows .  

The measurement of a x i a l  magnetic f i e l d  w a s  automated t o  allow 

q u i c k e r  ad jus tment  of t h e  f i e l d  p r o f i l e .  I n  t h e  p r e s e n t ,  un i form-f ie ld  

c o n f i g u r a t i o n ,  t h e  a x i a l  un i fo rmi ty  over t h e  c e n t r a l  s e c t i o n  i s  b e t t e r  

t han  3%. T h i s  i s  t h e  b e s t  r e s u l t  o b t a i n a b l e  f o r  t h e  p re sen t  c o i l  geome- 

t r y  and s e p a r a t i o n  of p o r t s  i n  t h e  vacuum chamber. The probe t h a t  moves 

a long  t h e  a x i s  of t h e  system is  now motor-driven, and i t s  p o s i t i o n  i s  

recorded by a po ten t iome te r .  When t h e  probe i s  t r a c i n g  wave P a t t e r n s  i n  

t h e  beam/plasma system, t h e s e  p a t t e r n s  can  now be r e g i s t e r e d  d i r e c t l y  on 

an X - Y r e c o r d e r .  

The work c u r r e n t l y  i n  p rogres s  i s  concerned wi th  d i a g n o s t i c s .  The 

c h a r a c t e r i s t i c s  and parameters  of t h e  plasma produced by t h e  e l e c t r o n  

beam a r e  be ing  measured a s  a p re l imina ry  t o  observ ing  wave growth and 

11 
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d e t a i l e d  charged p a r t i c l e  v e l o c i t y  d i s t r i b u t i o n s .  

( B )  

E a r l i e r  under t h i s  c o n t r a c t  w e  considered t h e  e x c i t a t i o n  of CHW 

Plasma Resonances i n  t h e  Labora to ry  

resonances i n  a c o a x i a l  plssma capac i to r .22  From t h e  po in t  of view of 

plasma d i a g n o s t i c s ,  a n  extremely impor t an t  geometry i s  t h a t  o f  p a r a l l e l  

wires. They would c a u s e  less  p e r t u r b a t i o n  of t h e  plasma than  c o a x i a l  

c y l i n d e r s ,  and l end  themselves  r e a d i l y  t o  c o n s t r u c t i o n  f o r  space  a p p l i -  

c a t i o n s .  During t h e  r e p o r t i n g  pe r iod ,  some p re l imina ry  work has  begun 

on e x t e n s i o n  of o u r  p rev ious  theo ry  t o  cover  t h e  p a r a l l e l  w i r e  c a se .  

D e t a i l s  w i l l  be g iven  i n  t h e  next  SAR when f u r t h e r  p rogres s  has  been 

made. 



111. NONLINEAR SCATTERING FROM PLASMA COLUMNS 

I n  t h e  ionosphe r i c  l i t e r a t u r e ,  non l inea r  mixing of s i g n a l s  a t  f r e -  

quenc ie s  u) u) t o  produce a - has a l r e a d y  been r epor t ed .  l7 Such 1' 2 1 2  
i n t e r a c t i o n s  a r e  a l s o  c u r r e n t l y  of cons ide rab le  i n t e r e s t  i n  l a b o r a t o r y  

p lasma phys ics .  During t h e  r e p o r t i n g  pe r iod ,  we have considered t h e  

r e l e v a n t  problem of n o n l i n e a r  s c a t t e r i n g  from a c y l i n d r i c a l  column of 

plasma. This  i s  a model approaching t h e  ionosphe r i c  s i t u a t i o n  mentioned 

i n  S e c t i o n  I ,  i . e . ,  t h a t  of r e f l e c t i o n  from a meteor t r a i l .  P rogress  i s  

a s  fo l lows :  

18 

( A )  T h e o r e t i c a l  Work 

The model t o  be analyzed i s  t h a t  of a n  i n f i n i t e l y  long uniform 

plasma column of r a d i u s  r W e  s h a l l  cons ide r  f i r s t  t h e  l i n e a r  s c a t t e r -  

i ng ,  and then  t h e  non l inea r  mixing. 

( a )  L i n e a r  S c a t t e r i n g .  Using q u a s i s t a t i c  theory ,  we know t h a t  a 

wave of ampli tude %, 

0' 

impinging on t h e  column w i l l  s e t  up f i e l d s  

26 cos  e , E =  2% s i n  9 
l + K  9 1 + K  E =  r 7 

i n t e r i o r  t o  t h e  p l a s m a .  23 
r e n t s ,  bo th  HZ and Ee a r e  cont inuous a c r o s s  t h e  boundary. Hence, 

S ince  t h e r e  a r e  no f i r s t - o r d e r  s u r f a c e  cu r -  

and K i s  t h e  e f f e c t i v e  p l a s m a  p e r m i t t i v i t y ,  

14 



P 

Outs ide  and i n s i d e  t h e  column H s a . t i s f i e s  t h e  wave equa t ion  
2 4  

Z 

($ + k2) H = 0.  There fo re ,  o u t s i d e  t h e  column w e  have 
Z 

k% = exp pt cos  0 + - exp(jUt - j k r  cos 0) 
u,IJ.O 

HZ 

+-,.) 2JAc pEr cos Q exp pt ( f o r  r s m a l l ) .  

I n s i d e ,  w e  have 

H = Br cos  8 exp jcut e 
Z 

S u b s t i t u t i n g  Eqs. (25 )  and ( 2 4 )  i n t o  Eq. (21) g ives  

2 
U r  

3!2 h 

A=(:) (e) & 9  

and a r a d i a t e d  power f l u x  of 

u)r  v2 

P = e(?) cos2 *(e) 
( b )  Nonl inear  S c a t t e r i n g .  Now w e  assume t h a t  two waves, of ampli- 

A 

t udes  E and impinge c o l l i n e a r l y ,  and set up f i e l d s  and v e l o c i -  

ties d e s c r i b e d  i n  Eq. ( 22 ). I n s i d e  and o u t s i d e  t h e  plasma, t h e  

s c a t t e r e d  wave, chosen so t h a t  

B Y 9  

s a t i s f i e s  t h e  wave equa t ion  



2 
H Z a  + k H  a za = O  . (28) 

The d r i v i n g  f o r c e  f o r  t h e  f i e l d  is  a quadrupole  s u r f a c e  c u r r e n t  of t h e  

form 

= TE / j W  . J2 = C p v , voy QY B QY B,Y 

Since  t h e  s u r f a c e  charge  equa l s  t h e  normal f i e l d  d i s c o n t i n u i t y  a t  t h e  

s u r f a c e ,  w e  o b t a i n  

K - 1  
= 2 E  ii s i n  Q . 

B PB O B  

If w e  s u b s t i t u t e  Eqs. 

da ry  c o n d i t i o n  of Eq. (21) becomes 

(2 -0 ,  ( 2 9 )  and (30) and s i m p l i f y ,  our f i r s t  boun- 

2 

HZGO zai 2 ( 1-t-K )( l + K  )o-IZu2 

2 j c  s i n  2Q a 7 0 y o a  

B Y B Y  

- H  = J  = 

Our second boundary c o n d i t i o n  i s  obta ined  from one of Maxwell’s 

equa t ions  : 

and t h e  plasma equa t ion  

-i 

El imina t ing  v s i m p l i f y i n g ,  and t a k i n g  t h e  8 - 1 component g i v e s  a’ 

16 



Since  t h e  l a s t  t e r m  on t h e  RHS is  z e r o  on both  s i d e s  of t h e  boundary, and 

a l s o  E is  cont inuous  a c r o s s  t h e  boundary, w e  o b t a i n  ae 

t a k e s  t h e  form 
HZ - 

On t h e  ou t s ide ,  

2 

2 2  
a 

4 j A c  7 s i n  28 ( f o r  r s m a l l )  e 

j-i ~ ) r  

I n s i d e ,  H h a s  t h e  form 
Z 

2 H = B r  s i n  20 . 
Z 

S u b s t i t u t i n g  E q s .  ( 36) and ( 37) i n t o  ( 31) and ( 3.5) Yie lds  

2 3 2  
o g y  O a O  E fi: ii U) U) r  TI 

A =  - 
2( 1+K,) ( 14-K ) ( 1-1-K ) c2UG2 e B Y B Y  

(37) 

( 3 8 )  

Since  t h e  power f l u x  i s  r e l a t e d  t o  A and E by t h e  r e l a t i o n s  



we o b t a i n  f i n a l l y  for t h e  p o l a r  r a d i a t i o n  p a t t e r n  

2 

3/2 Ei/2 a o c 
*Po 0 c:)IY. a s i n 2  2Q . 

(40) 

P = P P  

The most remarkable f e a t u r e  of t h i s  r e s u l t  i s  t h a t  i t  d e s c r i b e s  a quadru- 

p o l e  r a d i a t i o n  p a t t e r n  i n  response  t o  two d i p o l a r  e x c i t i n g  s i g n a l s .  

p a r t i c u l a r ,  t h e r e  i s  no back- sca t t e red  power c o l l i n e a r  w i t h  t h e  e x c i t i n g  

s i g n a l s .  

ionosphere  t o  t h e  r e c e i v i n g  p o i n t .  

In 

I f  any were observed, i t  would have t o  be  s c a t t e r e d  from t h e  

( B )  Experimental  Work 

The f e a s i b i l i t y  of checking Eq.  (40) i n  t h e  l a b o r a t o r y ,  or i n  

space,  depends on t h e  magnitude of t h e  s c a t t e r e d  power. For i l l umina -  

t i o n  a t  about  1 GHz, t h e  f a c t o r  m u l t i p l y i n g  P P 

i s  approximate ly  i n  MKS u n i t s  when r = r Since  

on t h e  RHS of Eq.  (40) 
B Y  
0' 

t h e  v o l t a g e  on t h e  s u r f a c e  of t h e  column is g i v e n  by 

2 2i fi: Wo cos  20 
v = -  10-7 i i . (42) a ( l+Ka)( l + K  )( l + K  >w u) B Y  

B Y B Y  

Using Eqs. (25) and (38) ,  t h e  r a t i o  of t he  n o n l i n e a r  t o  l i n e a r  s c a t t e r e d  

powers i s  g iven  by 

18 



Two exper imenta l  approaches sugges t  themselves:  f i r s t ,  t o  suspend 

a plasma column i n  f r ee  space ,  and t o  i l l u m i n a t e  w i t h  s i g n a l s  a t  u) U . 
A movable horn  can  t h e n  be  used t o  measure t h e  s c a t t e r e d  power a t  

and t h e  p o l a r  p a t t e r n .  Second , i s  t h e  p o s s i b i l i t y  of p l a c i n g  t h e  tube  i n  

a microwave c a v i t y  r e sonan t  a t  U, u) and U and measuring t h e  power 

ou tpu t  a t  . W e  have chosen t h e  second f o r  our i n i t i a l  s t u d i e s ,  s i n c e  

t h e  c a v i t y  a l lows  h igh  e l e c t r i c  f i e l d s  t o  be  a p p l i e d  t o  t h e  plasma. For 

s i m p l i c i t y  w e  have designed a c a v i t y  r e sonan t  i n  t h e  TE and TE 

modes f o r  u) /2 = u) = u) . 
l i m i n a r y  measurements of n o n l i n e z r  i n t e r a c t i o n  a r e  under way. D e t a i l s  

w i l l  be  g iven  i n  t h e  nex t  SAR. 

B’ Y 
u) a’ 

a’ p’ Y 3  

a 

121 111 
The c a v i t y  has  j u s t  been completed, and pre- 
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I V .  FUTURE PROGRAM 

During t h e  coming r e p o r t i n g  per iod ,  t h e  work desc r ibed  h e r e  on 

r e sonan t  s t i m u l a t i o n  of p lasma waves by means of an e l e c t r o n  beam w i l l  

be cont inued .  I t  i s  expected t h a t  t h e  t h e o r e t i c a l  work desc r ibed  i n  

S e c t i o n  I I A  w i l l  be completed, and t h a t  our  e f f o r t  w i l l  be mainly experi- 

mental .  Work w i l l  con t inue  on t h e  two-wire antenna problem f o r  CHW ex- 

c i t a t i o n  and impedance de te rmina t ion  o u t l i n e d  i n  S e c t i o n  I I B .  I f  t h e  

r e s u l t s  look promising, exper iments  w i l l  b e  undertaken t o  compare i m -  

pedance measurements w i t h  theo ry .  

The a n a l y s i s  of non l inea r  r e sonan t  s c a t t e r i n g  desc r ibed  i n  S e c t i o n  

I I I A  w i l l  be extended t o  inhomogeneous plasma. Labora tory  experiments 

w i l l  be extended t o  measure t h e  e f f e c t ,  and hope fu l ly  t h e  p o l a r  p a t t e r n  

of t h e  quadrupole  r a d i a t i o n  f i e l d .  The f e a s i b i l i t y  of an  ionosphe r i c  

experiment t o  v e r i f y  t h e  theo ry  w i l l  be a s s e s s e d .  
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